ABSTRACT: In this article, a new method to design an optimum gain horn antenna is presented. This method is based on improving existing design equations along with the use of particle swarm optimization technique. The obtained results are more accurate than those available in the literature since no path length error approximation is involved. Improved horn dimensions, for different 15 designs, are obtained which give the desired gain almost exactly. 
I. INTRODUCTION
Optimum gain pyramidal horns are widely used as standard gain antennas since their gains can be calculated to within 0.1 dB using their known dimensions [1, 2] . An optimum gain pyramidal horn antenna is one that produces maximum gain for given E-and Hplane slant lengths. Several methods [1] [2] [3] [4] [5] [6] [7] [8] have been presented and used to design a pyramidal horn with optimum gain. Each method has its own accuracy, limitations, and computational complexity. One common feature in [1] [2] [3] [4] [5] [6] [7] [8] is the use of the expressions that give optimum gain that are derived from an approximate formula (the first two terms of binomial series expansion) for the path length error that gives rise to aperture quadratic phase error [1] . The method described in [1] is only valid for long, high-gain horns, and uses trial and error (iterative technique). The method proposed in [2] avoids the application of iterative techniques, and is not restricted to high-gain horn design. However, the actual gain results do not agree well with the desired gain results. Also, the horn problem was formulated in terms of a fourth degree polynomial that was analytically solved for the narrow aperture dimension. The methods described in [3] [4] [5] improved the design equations given in [2] using curve fitting. The method proposed in [6] gives more accurate results than the previous methods, but it needs a large number of inputs and outputs to develop and train a neural network. Recently, in [7, 8] , the differential evolution technique and the particle swarm optimization method were used to derive new expressions for the narrow and wide aperture dimensions, respectively.
In this article, improved formulas for the relationship between the optimum gain horn aperture size and lengths are derived using the more accurate gain expression given in [9] , which does not involve the approximate path length error. These formulas are then used along with the particle swarm optimization technique [10] [11] [12] [13] to find directly the physical dimensions of the horn. Our results are compared to those obtained using other techniques [1] [2] [3] [4] [5] [6] [7] [8] and shown to give the desired gain exactly.
II. PYRAMIDAL HORN DESIGN
Consider the geometry of a pyramidal horn antenna with the E-plane
To design a pyramidal horn, one usually knows the desired gain G, the wavelength k, and the inner dimensions A and B of the feeding rectangular waveguide. The other parameters (B 1 , L E , L 1 , P E , A 1 , L H , L 2 , and P H ) are then determined using a specific design method.
A horn is said to be optimum when the aperture dimensions are adjusted to give maximum gain for given slant lengths in the E-and H-planes. According to [1] , this occurs when the following relations are satisfied:
This means that optimum gain is obtained when the maximum aperture phase deviations in the E-and Hplanes are 0.25 k and 0.375 k, respectively [1] . The two equations above were obtained by means of curve fitting for (L 1 , B 1 ) and (L 2 , A 1 ) that give the maximum gain. However, it should be emphasized that the expressions used to derive eqs. (1) and (2) were not exact since the path length error, which gives rise to the quadratic phase error, was approximated by the first two terms of a binomial series expansion of the exact expression [1] . Such an approximation was done to simplify the derivation, which led to closed form expressions for the electric and magnetic fields in terms of cosine and sine Fresnel integrals. In most cases, it yields to very good results for long high gain horns. The above approximate relations were used in all the design methods presented in [1] [2] [3] [4] [5] [6] [7] [8] . Here, new improved formulas will be presented as explained below. In [9] , an expression for the gain of pyramidal horn antenna was derived without approximating the path length error. The expression is given by:
It is interesting to note that the above expression was used in [2] [3] [4] [5] [6] [7] [8] to find the gain of the designed pyramidal horns, although the design itself involved the use of the approximate eqs. (1) and (2). Now, using eq. (3), the E-plane normalized gain G n is plotted versus B 1 for different lengths of L 1 , as shown in Figure 2 . The normalized E-plane gain G n is defined as:
The integrals in eqs. (4) and (5) are evaluated numerically within an error of 10 À9 using an adaptive Gauss/Lobatto quadrature rule. If the values of B 1 (in k) which correspond to the maximum gains in Figure  2 are plotted versus their corresponding values of L 1 (in k), the following relation can be obtained using curve fitting for 25 points,
This corresponds to a maximum phase deviation in the E-plane of 0.2633 k. Figure 3 shows the differences between eqs.
(1) and (7) as compared to those obtained directly from eq. (3) using the peaks in Figure 2 . It can be seen that eq. (7) gives better results for B 1 than eq. (1) .
Similarly, Figure 4 shows the H-plane normalized gain versus A 1 for different lengths of L 2 as obtained using eq. (3). Here, the H-plane normalized gain G n is defined as:
If the values of A 1 (in k) which correspond to the maximum gains in Figure 4 are plotted versus their corresponding values of L 2 (in k), the following equation can be obtained using curve fitting for 25 points:
This corresponds to maximum phase deviation in the H-plane of 0.39789 k. Figure 5 shows the differences between eqs. (2) and (9) as compared to those obtained directly from eq. (3) using the peaks in Figure 4 . It can be seen that eq. (9) gives better results for B 1 than eq. (2). Recently, in [14] , the phases that correspond to the maximum gain in the E-plane and H-plane of a pyramidal horn antenna were given as 0.26 k and 0.4 k, respectively. Our results obtained using eqs. (7) and (9) agree very well with these values. To our knowledge, the improved formulas (7) and (9) have not appeared in the literature before. (1) and (7) compared to values obtained from (3) . [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.] Now, an optimization problem is introduced in which the feeding waveguide dimensions (A and B), the frequency (f), and the desired optimum gain (G) are given as input parameters, while equation (3) is used to find the dimension B 1 . The parameters L 1 , L 2 , and A 1 are given by the following equations:
Equation (12) is obtained by enforcing the fact that; for a pyramidal horn to be physically realizable P E and P H must be equal. From the geometry of the horn in Figure 1 , the following relations for P E and P H can be easily derived:
So, our optimization problem here is a one-dimensional problem. The particle swarm optimization (PSO) method is chosen to solve the problem since; recently, we have been interested in the application of PSO in different electromagentics and microwave circuits problems [12, 13] . The PSO technique has been successfully applied to antenna design [8, 10, 11] , and the results proved that this method is powerful and effective for optimization problems. PSO is similar in some ways to genetic algorithms, but requires less computational bookkeeping and generally fewer lines of code, including the fact that the basic algorithm is very easy to understand and implement. The interested reader can refer to [8, [10] [11] [12] [13] , and the references therein, for details of the PSO algorithm. It should be noted that our application of the PSO differs completely from that presented in [8] . In [8] , a closed form expression, which involves 11 constants, for the wider dimension A 1 was derived using the PSO; while in our approach the gain formula (3) is directly optimized using the PSO. In our implementation of the PSO, B 1 that gives the optimum gain is found using the following fitness function:
III. RESULTS Table I shows 15 different horn design examples, which have been used to compare our PSO results to those obtained using the previous design methods [1] [2] [3] [4] [5] [6] [7] [8] . First, to check the validity of our design approach and to compare with the results presented in [6] (since they are the most accurate among [1] [2] [3] [4] [5] [6] [7] [8] ), eq. (3) has been solved using PSO while using the approximate formulas (1) and (2) instead of the improved formulas (7) and (9) . This is done so that we have a fair comparison since (1) and (2) were used in [6] . Specifically, the following equations for L 1 , L 2 , and A 1 are used instead of equations (10)- (12):
Our results for the wider dimension B 1 along with those reported in [6] are shown in Table II . In [6] , a neural network was trained to find the value of the dimension B 1 , while it is found directly here using PSO. The desired values for B 1 are also taken Figure 5 . A 1 versus L 2 obtained using eqs. (2) and (9) compared to values obtained from (3) . [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
from [6] . According to [15] , these desired values were first obtained roughly using previously published formulas [3] [4] [5] , then the desired B 1 values, which lead to an excellent agreement between the computed gains of the designed pyramidal horns and the desired gains, were obtained by using an iterative technique. It can be seen that the PSO results are in excellent agreement with the desired B 1 values. Having verified the design approach, the improved formulas (7) and (9) are now used to find the wider dimension B 1 using PSO. Our improved results for A 1 and B 1 are given in Table III along  with our results from Table II . It can be seen that there are small differences between the two sets of results. The difference ranges from 2 mm for the highest gain example to around 1.5 cm for the lowest gain example. We believe that these small differences are very important since exact dimensions are usually needed for horn antennas when used as a standard gain antenna to determine the precise gain of other antennas. [6] and Those Obtained Using the PSO with eqs. (1) and (2) No.
Desired B 1 (m)
Guney [6] Our Results Using PSO Using the dimensions in Table III , the gain is computed using eq. (3) and the improved formulas (7) and (9) . The results are shown in Table IV . It can be seen that there is a difference between the desired and the computed gains when using the aperture dimensions obtained using eqs. (1) and (2) . Using the improved aperture dimensions A 1 and B 1 , the desired gain is obtained exactly.
IV. CONCLUSIONS
New improved formulas for the design of optimum gain horn antennas have been proposed. These formulas do not approximate the path length error, and thus, they give more accurate horn dimensions for a given gain. The particle swarm optimization technique has been used to find the wider dimension directly from the exact gain formula. Better accuracy with respect to previous design methods has been obtained for various design examples. 
